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Phase-contrast imaging of multiply-scattering extended objects at atomic resolution
by reconstruction of the scattering matrix
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Three-dimensional phase-contrast imaging of multiply-scattering samples in x-ray and electron microscopy
is challenging due to small numerical apertures, the unavailability of wave front shaping optics, and the highly
nonlinear inversion required from intensity-only measurements. In this work, we present an algorithm using
the scattering matrix formalism to solve the scattering from a noncrystalline medium from scanning diffraction
measurements and simultaneously recover the illumination aberrations. We demonstrate our method experimen-
tally in a scanning transmission electron microscope, recovering the scattering matrix of a heterogeneous sample
with two layers of multiwall carbon nanotubes filled with TaTe2 core-shell structures, spaced 10 nm apart in the
axial direction. Our work enables phase contrast imaging and materials characterization in multiply-scattering
samples at high resolution for a wide range of materials.
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I. INTRODUCTION

Phase-contrast imaging is widely used in light [1,2], x-ray
[3,4], and electron microscopy [5,6] due to its high efficiency
and resolution. By using coherent radiation to illuminate a
sample, we can resolve very small changes in a sample’s local
index of refraction through the interference of the illumination
wave fronts that the accumulated phase shifts produce [7].
However, because we can directly measure only the proba-
bility density of an illumination wave function (given by the
wave intensity, or amplitude squared), phase-contrast imaging
is a fundamentally nonlinear measurement process: we must
indirectly infer the underlying relative phase shifts induced by
the sample [8].

Various approximations can make phase-contrast mi-
croscopy data easier to interpret. The first is by assuming that
the sample is a pure phase object, i.e., that it does not modulate
the illumination wave function amplitude directly, and so any
variations in the measured intensity can be directly ascribed
to changes in the sample’s index of refraction [9]. However,
this assumption does not guarantee uniqueness in all cases due
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to the possibility of phase wrapping [10]. An even stronger
assumption is the weak phase object approximation (WPOA),
where the sample’s transmission function is assumed to be a
small imaginary perturbation to a known carrier wave [11].
When the WPOA holds, the linear relation implied between
the specimen potential and measured intensity allows a con-
structive and unambiguous solution. Another commonly used
simplification in phase-contrast microscopy is the projection
approximation, in which all scattering is assumed to origi-
nate from an infinitesimally thin two-dimensional (2D) plane
[12,13]. The various different approximations above hold for a
wide range of samples of interest and are therefore very useful
in practice [14].

However, phase-contrast imaging of many samples cannot
be approximated by any of the above assumptions. Transmis-
sion electron microscopy (TEM) in particular often violates
these assumptions due to the high-scattering cross section of
electrons with matter [15]. Instead, these scattering processes
can typically be modeled only by a framework that includes
multiple scattering [16]. The equations describing multiple
scattering for a paraxial wave function can be approximately
solved with the multislice algorithm [17], which has also been
used as a model for inverse scattering in many experimen-
tal configurations in light, x-ray, and electron microscopy.
While the inverse multislice model has been successfully ap-
plied to image thick, multiply-scattering specimens in light
microscopy [18–22], its use in x-ray [23–26] and electron
microscopy [27–30] has been limited to proof-of-principle
demonstrations with fewer than 10 slices or weakly scattering
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samples. This is mainly due to the fact that the optical sys-
tems in x-ray and electron microscopy have relatively small
numerical apertures, such that the information recorded from
a single view covers only a small fraction of reciprocal space
[31–33]. This problem can be overcome either by enforc-
ing strong prior knowledge about the underlying scattering
potential in the form of sparsity constraints or the proper
choice of slice separation [30] or by performing tomographic
experiments [34–36].

Another framework that incorporates multiple scattering is
the scattering matrix (S-matrix) formalism [37,38]. In elec-
tron microscopy, the S-matrix formalism has been used to
efficiently calculate diffraction results with single crystals
[38] and for scanning TEM (STEM) experiments [39,40] and
to retrieve projected potentials of strongly scattering samples
in a two-step approach. First, the S matrix is retrieved from
a series of intensity measurements. Second, the projected
structure is retrieved. The proposed experimental methods
for retrieval of the S matrix from intensity measurements
range from measurements with different crystal thicknesses
and sample tilts [41] to different sample tilts alone [42–44],
wavelength variation [45], large-angle rocking beam diffrac-
tion [46], and scanning diffraction with a convergent beam
[47]. Only the last two of these approaches have been experi-
mentally demonstrated [46,48].

In the visible light wavelengths, S-matrix retrieval and sub-
sequent singular value decomposition allow the identification
of transmission eigenchannels [49] in strongly scattering ma-
terials and maximization of energy transport [50] through the
system. Phase retrieval of the S matrix is performed by real-
space phase [51] or amplitude modulation [52,53], four-phase
interferometry [49], or full-field Mach-Zehnder interferom-
etry [54] with input and output channels in the plane-wave
basis. The input and output channels of the S matrix are often
represented in real space, achieved by imaging the output
plane with a CCD camera.

Our contribution in this work is threefold: first, we develop
the measurement operator to calculate scanning diffraction
intensities of arbitrary samples from a given S matrix and
derive its adjoint operator. Second, we formulate a phase
retrieval algorithm that retrieves the S matrix of arbitrary
samples from a series of scanning diffraction measurements
with different modulations of the illumination aperture (e.g.,
a defocus series). Third, we demonstrate our algorithm ex-
perimentally on a thick, heterogeneous sample, opening up
possibilities of materials characterization and imaging with
the scattering matrix.

While here we synthesize large-scale phase-contrast im-
ages from a strongly scattering sample with a thickness of 1.2
times the depth of focus, optical sectioning of the scattering
matrix with a limited field of view was recently experimen-
tally shown to provide three-dimensional information on the
unit-cell scale in a strongly scattering sample that spans mul-
tiple depths of focus [55].

II. RECONSTRUCTING THE S MATRIX

A. Theory of phase-contrast imaging

Phase-contrast microscopy with coherent light or matter
waves defined by the wave function |ψ〉r′ typically uses a

series of interferometric measurements to invert a partial dif-
ferential equation of the form

i[a ∇2
⊥ + bV (r′)]|ψ〉r′ = ∂|ψ〉r′

∂z
, (1)

where i is the imaginary constant, ∇2
⊥ is the two-dimensional

Laplace operator, V (r′) is the three-dimensional potential over
the real-space coordinates r′ = (r, z), and a and b are real-
valued constant prefactors. The formal operator solution to
this equation for a wave function that has propagated a dis-
tance #z through the potential is given by [56]

|ψ〉(r,z+#z) = exp[ia #z∇2
⊥ + ibV#z(r, z)]|ψ〉r′ . (2)

In the scattering matrix formalism, the entire process of
multiple scattering is modeled by multiplication with the
complex-valued linear operator S ,

|ψ〉out = S|ψ〉in. (3)

The S-matrix formalism has a wide range of applications in
describing the interaction of coherent waves with multiply
scattering objects [57].

All the previously discussed methods for S-matrix retrieval
at high resolution have in common that they require a crys-
talline sample to solve for either the scattering matrix or the
structure factors. The interferometric methods developed for
light optics rely on the ability to precisely manipulate phases
and/or amplitudes of the S-matrix input channels, and such
precise control of the electron and x-ray optics is not yet
feasible. In the following section, we describe our iterative re-
construction scheme from scanning diffraction measurements
for S-matrix retrieval.

B. A real-space S-matrix measurement model

Previous work for retrieving the S matrix from scan-
ning diffraction measurements modeled the formation of the
diffraction pattern intensity in the far field of the sample, given
a coherent probe |ψ〉 at position ρ,

|ψ〉r−ρ =
∑

|h|<hmax

$(h)e2π ih·(r−ρ), (4)

with an intensity measurement given by [47]

I (q, ρ,$) =
∣∣∣∣∣

∑

|h|<hmax

Sq,h$(h)e−2π ih·ρ

∣∣∣∣∣

2

. (5)

In this work, we use the approximation that the wave func-
tion has finite support after propagating through the specimen
potential. To use this approximation as a constraint in an
inversion algorithm, we need to represent the S matrix in real
space:

I (q, ρ,$) =
∣∣∣∣∣Fr

[
∑

|h|<hmax

Sr,h$(h)e−2π ih·ρ

]∣∣∣∣∣

2

. (6)

Here Sr,h is the S matrix that maps Fourier-space input coef-
ficients at wave vectors h (we refer to these as the “beams” of
the S matrix) to real-space output coefficients at positions r.

A previous experiment [48] used Eq. (5) and a series of
defocus modulations to retrieve the phases of Sq,h for a set
of h vectors separately and then used symmetry relations of
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FIG. 1. Measurement scheme for S-matrix inversion. (a) A scanning diffraction series of a strongly scattering sample at atomic resolution,
where the phases $d of the probe-forming aperture are varied after each scan, here by changing the defocus. (b) Computational graph of
the S-matrix measurement operator for D = 4 different defocus aberrations. For each scan position, a patch with the size of the diffraction
detector (M1 × M2) is cropped out of each S-matrix beam. Then, each cropped beam is multiplied by the corresponding complex phase factor
(indicated by the * operation), depending on the phase and amplitude of the beam illumination aperture $d,b and the scanning phase e−2π ihb·ρk,d

of the current position. Subsequently, all phase-shifted beams are coherently summed (the & operator) to form an exit wave. Then the exit
wave is propagated to the far field (Fr operation) and measured on the detector.

Sq,h to find the relative phases between the different S-matrix
columns. Whereas that approach is valid only for crystalline
samples, we use only self-consistency in the measured data
and retrieve all amplitudes and phases of Sr,h simultaneously.
We also introduce a real-space compactness constraint on the
scattered probes produced by the scattering matrix, equivalent
to the method of Fourier interpolating the S matrix [39]. We
introduce the cropping operator

Cρ,"(r) =
{

1 if |rx − ρx| ! #x/2, |ry − ρy| ! #y/2,
0 otherwise,

(7)

a two-dimensional rectangular function of width " centered
about each probe scan position ρ, which transforms Eq. (5)
into

I (q, ρ,$) =
∣∣∣∣∣Fr

[
∑

|h|<hmax

[Cρ,"(r)Sr,h]$(h)e−2π ih·ρ

]∣∣∣∣∣

2

. (8)

The fact that the cropping operator acts on all S-matrix beams
equally leads to a self-consistent solution when measurements
are taken with overlapping probe positions.
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C. Phase retrieval of the S matrix

We now describe an algorithm to retrieve all ampli-
tudes and phases of Sr,h simultaneously, given a set of
phase modulations {χd(h)}d=1,...,D of the probe-forming aper-
ture, using only self-consistency in the measured data. Let
the detector be sampled with M1 × M2 pixels. We perform
a scan with K positions and D different probes and la-
bel a single position with k and a single defocus with
d. Then the measured intensities have the dimension I ∈
RKDM1M2 . For ease of notation, we enumerate all B sam-
ples in |h| < hmax with indices b = 1, . . . , B. The S-matrix
measurement operator maps the B beams of the S ma-
trix sampled on a discrete grid of N1 × N2 pixels and
the D probes to KD diffraction patterns of size M1 × M2.
A : CB×N1×N2 × CD×M1×M2 → CKDM1M2 . For better readabil-
ity, we first define the measurement operator for position k
and probe d, Ak,d : CB×N1×N2 × CM1×M2 → CM1M2 :

Ak,d(S,$d) :=
[

Fr

[
B∑

b=1

$d,b e−2π ihb·ρk,d [Ck,dS]b

]]V

, (9)

where [·]V is a vectorization from two dimensions to one
dimension. We have also introduced the linear cropping
operator Ck,d := Cρk,d

: CB×N1×N2 → CB×M1×M2 , which ex-
tracts a real-space patch of size M1 × M2 from each beam
of a given S matrix at the position with index k for
the phase modulation d. The measurement operator for
the full experiment is just the operators for each probe
and position stacked on top of each other: A(S,$) =
[A1,1(S,$1),A2,1(S,$1), . . . ,AK,D(S,$D)]T . We can then
write the forward model for the measured intensities of a se-
ries of D scanning diffraction experiments taken with different
probes as

y = |A(S,$)|2. (10)

Given this forward model and a set of intensity measurements
I, we can formulate the phase retrieval problem for blind S-
matrix inversion as

Find S ∈ CB×N1×N2 and $ ∈ CD×B

Subject to |A(S,$)|2 = I.

If the wave functions $ are known, the problem of finding
S from a set of measurements I is a classical phase retrieval
problem. There is a rich history of algorithmic developments
to solve the phase retrieval problem. Historically, the first
were algorithms based on alternating projections onto non-
convex constraint sets [58–60]. Since these algorithms lack
theoretical convergence guarantees, more recently, convex
relaxations were developed [61,62] which provide a conver-
gence guarantee but use a prohibitive amount of memory.
More recently, Bayesian accelerated gradient methods [63]
and methods based on the alternating direction method of
multipliers (ADMM) [64] have become popular.

Since the wave functions $d are usually not known pre-
cisely in advance, the problem turns into multiobjective

optimization. Additionally, in the presence of noise, it is ben-
eficial to the reconstruction quality to include a model of the
detector-specific noise characteristics in the optimization. For
most advanced detectors in x-ray and electron microscopy the
noise statistics follow a Poisson distribution: I ∼ Poisson(y).
Therefore, usually, either the negative Poisson log likelihood
or a first-order approximation to it, the least-squares loss of
the measured amplitudes [65], is minimized in phase-retrieval
problems dealing with measurement noise. These are given by

DPois(y, I) := 〈y − I ln(y)|1〉, (11)

DAmp(y, I) := ||√y −
√

I||2, (12)

where ‖ · ‖2 is the l2-norm, 〈·|·〉 is the L2 inner product of two
vectors, and y are far-field intensities of the current model.
We use block coordinate descent to solve the joint optimiza-
tion problem of S and $. The loss function of the S-matrix
retrieval problem is

L!(S,$) = D!(|A(S,$)|2), (13)

where ! is a placeholder for the chosen loss function. We seek
to solve for S and $ such that L(S,$) is minimized:

(S∗,$∗) = arg min
S,$

L!(S,$) (14)

Block coordinate descent solves the joint problem by alter-
nating gradient updates for one variable with the other vari-
able fixed: (1) S l+1 = arg minS L!(S l,$ l) and (2) $ l+1 =
arg min$ L!(S l+1,$ l).

D. Gradients with respect to # and S
The gradients with respect to $ and S both involve the

adjoint of the measurement operator A, which for a single
measurement is given by AS †

k,d : CM1M2 → CB×N1×N2 ,

ASb †
k,d (z) = CT

k,d[$∗
d,be2π ihb·ρk,dF†

q [zk,d]] (15)

for a fixed $, and A$d,b †
k,d : CM1·M2 → CM1×M2 ,

A$d,b †
k,d (z) = 1

M1M2

×
M1∑

m1

M2∑

m2

[
K∑

k=1

[Ck,dS]∗be2π ihb·ρk,dF†
q [zk,d]

]

m1,m2

(16)

for a fixed Sb. We solve the subproblems with respect to $
and S with gradient descent:

$ l+1 = $ l + γ1
∂L$

!
∂$

, (17)

S l+1 = S l + γ2
∂LS

!
∂S

, (18)
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where γ1, γ2 ∈ R are gradient descent step sizes. We found
that one gradient step per iteration is usually enough for fast
convergence. The gradient is given by

∂L$
Pois

∂$d,b
= A$d,b †

k,d

(
Ak,d(S,$d) ·

(
1 − I

y

))
, (19)

∂LS
Pois

∂Sb
=

K∑

k=1

D∑

d=1

ASb †
k,d

(
Ak,d(S,$d) ·

(
1 − I

y

))
, (20)

∂L$
Amp

∂$d,b
= A$d,b †

k,d

(
Ak,d(S,$d) ·

(
1 −

√
I

√
y

))
, (21)

∂LS
Amp

∂Sb
=

K∑

k=1

D∑

d=1

ASb †
k,d

(
Ak,d(S,$d) ·

(
1 −

√
I

√
y

))
. (22)

See the Supplemental Material [66] for a detailed derivation.

E. Probe modeling with Zernike polynomials

We found that the stability of probe refinement was im-
proved by modeling the phase modulations of the probes in the
low-dimensional space of Zernike polynomials up to fourth
order, using the formalism in [67]: $d(q) = A(q)e−iχd (q),
where A(q) is a circular top-hat function A(q) = Circ(q) and
χd (q) is the aberration function,

χd (α,φ) = 2π

λ

∑

m,n

Cn,mαn+1 cos [m(φ − φn,m)]
n + 1

, (23)

where α is the numerical aperture and φ is the azimuthal an-
gle. Here C1,0 is the defocus, C1,2 is the astigmatism aberration
coefficient, C2,1 are the coma aberration coefficients, C2,3 is
the threefold astigmatism aberration coefficient, and C3,0 is the
spherical aberration coefficient. At each iteration, we compute
the derivatives ∂$

∂Cn,m
with the automatic gradient calculation of

the PYTORCH library [68].

F. Ambiguities and initialization

Since the forward model in Eq. (10) contains the product
of two complex numbers, $d,b and [Ck,dS]b, any combina-
tion of phases that cancel each other out could be added to
these two terms without influencing the measured intensities.
Therefore, a meaningful initialization is key to a success-
ful reconstruction. S-matrix retrieval shares with other phase
retrieval methods the property that the focal plane of the
reconstruction can be chosen freely. The initialization of the
S matrix with plane waves S0

b ← eihb·r corresponds to a
choice of the zero-focus position at the top of the sample
and worked well for all our tests, but a different focal plane
can be selected by shifting the relative defocus of the probes

$0 ← $0 e−iπλh2z0 . The full block coordinate descent algo-
rithm is then given as follows:

Algorithm 1: Joint S matrix and probe retrieval via block coor-
dinate descent.

Input:

measured intensities I ∈ RK×D×M1×M2

scan positions ρ ∈ RK×D×2

initial aberration coefficients Cn,m ∈ RD×12

step sizes γ1, γ2 ∈ R

Initialize:

initialize Fourier space probe phases χ0 ∈ CD×B according
to Eq. (23)

set (N1, N2) = / max(rs )+M
M 0 · M such that the plane waves eih·r

have periodic boundary conditions

calculate Imean = 1
K

∑K
k=1 Ik and

amax = max(||Ik||1 ∀ k = {1, . . . , K})

$0 ← amax√
||Imean ||1

Imeaneiχ0

S0
b ← eihb·r, S ∈ CB×N1×N2

Run: for l = 0 to L do

S l+1 ← S l + γ1
∂L!
∂S (S l, $ l+1);

∂L!
∂$

l+1
← $ l + γ1

∂L!
∂$

(S l, $ l);

C l+1
n,m ← C l

n,m + γ2
∂L!
∂$

∂$
∂Cn,m

(S l+1, $ l);

$ l+1
d ← A(q)e−iχd (q);

Output: S∗ = SL

We have also implemented the ADMM algorithm to solve
the joint optimization problem of S and $ and found roughly
similar results in the simulation. ADMM may be better suited
in the future to implement additional constraints and regu-
larizers; therefore, we give a description in Appendix D for
future reference.

III. SIMULATED S-MATRIX PHASE RETRIEVAL

In this section, we use forward simulations to validate our
S-matrix phase retrieval algorithm. We also examine the al-
gorithm dependence on the sampling density and calibration.

A. Sampling and calibration dependence

To demonstrate that our algorithm can reconstruct S matri-
ces of realistic samples, we simulate a four-dimensional (4D)
STEM focal series of the sample shown in Fig. 1(a), as it
may appear in a tomography experiment. The sample contains
two decahedral Ag nanoparticles with a 3.3-nm diameter,
placed on the top and bottom sides of an amorphous carbon
substrate, tilted by 67◦, giving it an axial extent of 24 nm.
The probe convergence angle is chosen to be 26 mrad, and
the electron energy is 300 kV, resulting in a depth of focus
(DOF) of 5.8 nm and a sample depth of 4.1 times the DOF.
The detector was set to record the diffraction signal up to
40 mrad, resulting in a sampling grid with steps of 25 pm. The
field of view was scanned with 129 × 129 positions on a 2D
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FIG. 2. (a) Simulated experiment with (b) the probe-forming aperture used for simulating the experiment shown in Fig. 1(a). Selected
beams numbered in (b) are shown from the reconstructed S matrix in (a) and the ground-truth S matrix in (c). The skew effect of the exit
waves in different beams comes from the three-dimensional structure and is a parallax effect of the different propagation directions of the
beams. (d) Test sample of randomly distributed germanium atoms. (e) R factor vs number of iterations for different numbers of defoci and
oversampling rates used in the simulations. (f) Normalized rms error of the model S matrix vs the number of iterations for different numbers
of defoci and oversampling rates. (g) Mean probe error vs the number of iterations for defocus miscalibration levels of 10%, 20%, and 30% of
the defocus step and random higher-order aberrations.

grid with the half-period resolution. The reconstruction shown
in Fig. 2 used six defoci with a step of 4.6 nm, with the first
defocus at the top of the sample. The detector size was set to
128 × 128 pixels, yielding an angular resolution of 0.31 mrad
and S-matrix dimensions of S ∈ C5973×256×256.

We ran Algorithm 1 for 500 iterations, utilizing 48
NVIDIA V-100 graphics processing units (GPUs). After
200 min, the reconstruction converged to a normalized rms
error (NRMSE) of 4% and an R factor of 0.1%. Nine se-
lected S-matrix beams from the reconstruction are shown in

Fig. 2(a), and the ground-truth S matrix is shown in Fig. 2(c).
To investigate the convergence properties under varying num-
bers of measurements and calibration errors, we used a
smaller test sample, consisting of 16 randomly distributed
germanium atoms in a volume of 5 × 5 × 100 Å3, shown
in Fig. 2(d). The convergence angle for the following tests
was chosen to be 30 mrad, with a detector spanning 60 mrad,
and the diffraction patterns were sampled on a 20 × 20 pixel
detector, yielding S-matrix dimensions of S ∈ C177×60×60;
the defocus step was chosen to be 10 nm.
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For the following investigations we fix the scan step
to Nyquist sampling. First, we investigate the convergence
behavior with respect to the number of measured defoci.
Figures 2(e) and 2(f) show the R factor and the NRMSE as
a function of iterations and the number of defoci measured.
We define the oversampling factor as

O = number of nonzero measurements
number of variables in S matrix

(24)

and the bright-field oversampling factor as

OBF = number of nonzero measurements in bright field
number of variables in S matrix

.

(25)

One can see that for two defocus measurements, the NRMSE
diverges slowly, and for three measurements the NRMSE does
not converge monotonically with the R factor. While the over-
sampling factor O lies above the number 4 typically needed
for successful phase retrieval, the number of phase modula-
tions that each beam receives OBF is below the threshold. In
this case, a more heterogeneous sample than the crystalline
objects considered in previous work, the reconstruction does
not stably converge. This could be due to the small defocus
steps used and will be investigated in the future.

We also investigate the dependence of the probe refine-
ment on the level of defocus miscalibration and residual
uncorrected probe aberrations. Figure 2(h) shows the mean
errors of 30 reconstructions performed with defocus errors
#C1 drawn from a normal distribution with a standard de-
viation of 10%, 20%, and 30% of the defocus step, axial
coma with a standard deviation of 100 nm, threefold astigma-
tism with a standard deviation of 20 nm, spherical aberration
with a standard deviation of 4 µm, and star aberration with
a standard deviation of 4 µm. Although convergence takes
roughly twice as many iterations of S-matrix reconstruc-
tion with miscalibrated aberrations, for all miscalibration
values a probe reconstruction error of less than 10% was
achieved.

The high number of possible experimental configurations
for this type of experiment leaves some areas unexplored by
our simulated reconstructions: we did not explore the depen-
dence on experimental noise and how an available dose budget
should be distributed over a number of scans with different
aberrations, but our experimental demonstration in the next
section with noise in the Poisson regime demonstrates that
S-matrix retrieval is feasible with roughly 1700 counts per
probe position, and an even distribution of the dose over
several scans yields good reconstructions. We also did not
explore aberrations other than defocus and how the amount
of crystallinity of a sample influences the convergence.

IV. EXPERIMENTAL DEMONSTRATION

As an experimental proof of principle for the S-matrix
reconstruction method, we used the TEAM 0.5 microscope
at the National Center for Electron Microscopy to perform
4D-STEM experiments [69]. The TEAM 0.5 microscope is
a double aberration-corrected Thermo Fisher/FEI Titan mi-
croscope, equipped with the 4D Camera, a fast-framing direct
electron detector that operates at 87-kHz frame rate, which

leads to a dwell time of 11 µs [70]. We used an acceler-
ation voltage of 80 kV and a numerical aperture (NA) of
25 mrad and recorded the 4D-STEM data sets with multi-
ple STEM probe defocus values. The sample consisted of
multiwall carbon nanotubes filled tantalum and tellurium,
arranged in a complex core-shell geometry, with sample
preparation similar to previous encapsulated transition metal
chalcogenides. Figure 3(a) shows a high-angle annular dark
field (HAADF)-STEM image of a single filled nanotube.
HAADF-STEM imaging is not sensitive to weakly scatter-
ing elements such as carbon [71], and therefore, only the
Ta and Te structures are visible. An approximate structural
model cross section is given in the inset in Fig. 3(a), showing
both core and shell structures that consist of hexagonal TaTe2
[72–74].

For the S-matrix reconstructions, we chose a region of
the sample consisting of two overlapping bundles of nan-
otubes, spaced roughly 10 nm apart from each other along the
beam direction. We recorded four 4D-STEM data sets with
512 × 512 probe positions, a raster step of 31 pm, defocus
steps of 10 nm, and a fluence of 3.05 × 104 e−/Å2 per data set,
estimated from the counts on the 4D Camera. Simultaneously
collected HAADF-STEM images are shown in Fig. 1 in the
Supplemental Material [66]. The 512 × 512 × 576 × 576 raw
4D data cube was counted and converted to a sparse electron
event format with the STEMPY open-source toolkit [75]. Mean
diffraction patterns and intensity histograms are shown in
Fig. 2 in the Supplemental Material [66], and example diffrac-
tion patterns are shown in Fig. 4 in the Supplemental Material
[66]. The sparse data were then cropped and centered around
the bright field disk and binned by a factor of 6 in reciprocal
space, yielding an S matrix with 1371 beams and spatial di-
mensions of 15.8 × 15.8 nm2. For each data set we performed
a single-sideband ptychography reconstruction [76] focused at
the thick nanotube and aligned the single-scan reconstructions
to each other with subpixel rigid cross correlation. The aver-
aged and aligned single-sideband reconstructions are shown
in Fig. 3 in the Supplemental Material [66]. The S-matrix
reconstruction code was adapted to operate directly on sparse
electron event coordinates instead of the dense 4D data set,
which resulted in a 10-fold reduction in memory usage for the
experimental data. We obtain a solution to the joint S matrix
and probe retrieval problem with an R factor of 0.159 after
100 iterations of Algorithm 1 with Poisson loss function, with
step sizes of γ1 = 10−4 and γ2 = 102. Figures 3(b) and 3(c)
show phase-contrast images focused on the thick nanotube,
generated from the reconstructed S matrix by performing a
coherent sum of all beams, with the incident beam tilt re-
moved from the output beams,

∑
h F†

q [Sq−h,h]. In both of the
S-matrix reconstructions, we see substantially higher contrast
than in the HAADF-STEM images due to the phase-contrast
nature of the imaging. Additionally, this method is also highly
sensitive to the weakly scattering carbon portions of the sam-
ple, including the multiwalled nanotubes wrapped around the
Ta and Te structures.

Figures 3(d)–3(f) show average unit cells taken from the
three images shown in Figs. 3(a)–3(c). The wires all show
nearly ideal periodicity with a length of 17.1 Å. The ratio
of the periodicity measured in the core structure to that of
the shell structure is almost exactly 2:5, corresponding to
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beam direction

1 nm Ta Te
shell core

carbon nanotubeTa Te

1 nm

(a)

1 nm 1 nm

(b) (c)

(d) (e) (f)

FIG. 3. (a) HAADF-STEM image of a carbon nanotube containing a core-shell Ta and Te structure. An approximate structural model
is shown in the inset, with the beam direction indicated. (b) and (c) Phase images of overlapping nanotubes, recorded using the S-matrix
reconstruction method described in this work, at two tilt angles separated by ≈5◦. (d)–(f) Three average unit cells, corresponding to the images
shown in (a)–(c), respectively. Three unit cells are shown in each panel. The leftmost one has a periodicity of 17.1 Å and corresponds to the
overall structure from the experiment. The center and rightmost panels are simulated from the proposed core-shell structure and match the
overall periodicity of the experimental structure. The center has a periodicity of 8.55 Å to highlight the core structure, and the rightmost unit
cell has a periodicity of 3.42 Å to highlight the shell structure. A potential structural model of core-shell TaTe2 has been overlaid over the
images.

periodicities of 3.42 and 8.55 Å, respectively. The average
unit cells for these structure lengths are also shown in Fig. 3.
We have overlaid some possible core-shell structures onto
the average unit cells, corresponding to different orientations
of TaTe2. The shell structures are an excellent match to a
hexagonal shape, where the TaTe2 edges are connected with
slight offsets. The core structures are more ambiguous. They
could correspond to a rotated TaTe2 structure where the layer
stacking vector is nearly perpendicular to the beam direction
(as in the model shown here) or a high-angle lattice rotation
leading to a moiré structure [77] or some even more complex
reconstruction such as a 2D quasicrystalline arrangement or
its periodic approximant [78,79]. By assuming that the core
structure consists of overlapping layers of TaTe2, we are able
to roughly match the structures with 8.55-Å periodicity. Be-
cause this is a proof-of-principle experiment, we have not
attempted to solve the structure exactly or precisely refine the
atomic coordinates.

V. CONCLUSION AND OUTLOOK

We have introduced a method for S-matrix retrieval that
converges for samples which span four or more depths of
focus and numerical apertures which are experimentally ac-
cessible and can refine aberration miscalibrations of up to
30%. We have demonstrated this algorithm experimentally

with STEM at atomic resolution with a bundle of multiwall
carbon nanotubes filled with a TaTe core-shell structure and
synthesized two-dimensional phase images from the scatter-
ing matrix, demonstrating its use in imaging light atoms in
thick, heterogeneous nanostructures. In future work, we will
compare S-matrix inversion to mixed-state ptychography and
multislice ptychography since both offer alternative meth-
ods for reconstructing phase-contrast images from scanning
diffraction data and move beyond the simple model of single-
mode ptychography.

Our algorithm and experimental configuration can be read-
ily applied at scanning x-ray diffraction microscopes as well.
The main limitation of the implementation at synchrotron
sources is the relatively strict requirement for the scan step
size and the relatively slow frame rate compared to STEM
instruments. The advent of high-NA diffractive x-ray optics
with NAs of 7.5 mrad experimentally demonstrated [80] and
NAs of 16 mrad projected to be feasible [81] and efforts to
increase spatial resolution of x-ray microscopes to 1 nm will
require new algorithms to move beyond the thickness limits
of current methods.

The S-matrix-retrieval methods developed here could be
used for a number of advancements in imaging through and
with strongly scattering materials in x-ray and electron mi-
croscopy. In combination with adaptive electron optics [82],
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selective focusing through crystalline materials may become
possible in a vein similar to light optical experiments [83]. The
retrieved S matrix can be used for optical depth sectioning,
which proved robust against multiple scattering in a proof-of-
principle experiment [55].

S-matrix retrieval can also form the basis of inverse mul-
tislice algorithms for phase-contrast tomography in scanning
diffraction microscopes. The fine angular decomposition of
exit waves in the S matrix may be useful for ab initio angular
and transverse alignment of different tilt angles for phase-
contrast tomography. The retrieved S matrix is identical to
the result of performing many tilt-focal series reconstructions
with plane-wave illumination in parallel [84].

To allow optimal image quality, future refinements of the
algorithm could include experimental uncertainties like posi-
tion errors and modeling of nuisance parameters like partial
spatial and temporal coherence, similar to their treatment in
ptychographic reconstruction algorithms [85–89].
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APPENDIX A: DERIVATION OF THE ADJOINT S-MATRIX
MEASUREMENT OPERATOR

We derive the adjoint operators ASb †
k,d (z) and A$d,b †

k,d (z)
with matrix algebra. In matrix notation, the S-matrix forward
model to generate I∈RKDM with M=M1 M2 from S ∈CBN

with N = N1N2 can be written as AS :CBN → CKDM

I = |F%CS|2 = |ASS|2, (A1)

with F ∈ CKDM×KDM a block-diagonal matrix representing
a batched Fourier transform acting on KD exit waves,
C ∈ RKDBM×BN the cropping matrix that extracts KD patches
centered at the scanning positions out of the B beams of
the S-matrix, and % ∈ CKDM×KDBM the coherent summation
operator over all beams. Written out in block matrices with
diagonal entries, % is shown in Fig. 4. The adjoint (hermitian
transpose) operator A†

S is then

A†
S = CT %†F†, (A2)

which, written out for a single diffraction pattern with defocus
index d and position index k is

ASb †
k,d (z) = CT

k,d

[
$∗

d,be2π ihb·ρk,dF†
q [zk,d]

]
(A3)

In the same vein, the forward model to generate I ∈ RKDM

from # ∈ CDB can be written as A# : CDB → CKDM

I = |F%##|2 = |A##|2 (A4)

The adjoint operator A†
# is then

A†
# = %†

#F†, (A5)

which, written out for a single diffraction pattern with defocus
index d and position index k is

A$d,b †
k,d (z) = 1

M1M2

×
M1∑

m1

M2∑

m2

[
K∑

k=1

[Ck,dS]∗be2π ihb·ρk,dF†
q [zk,d]

]

m1,m2

(A6)

APPENDIX B: COMPLEXITY ANALYSIS

Both the forward calculation and the backward calcu-
lation have the following computational complexity: per
the diffraction pattern the forward pass has a complex-
ity of O(M1M2B + M1M2 log2(M1M2)), where the fac-
tor O(M1M2 log2(M1M2)) comes from the fast Fourier
transform operation. The forward and backward calcula-
tions on the full data set then have a complexity of
O(KD(M1M2B + M1M2 log2(M1M2))). Since the number of
beams scales quadratically with the size of the detector, the
overall complexity scales with O(KD(M4 + 2M2 log2(M)))
for a square detector of size M. While this might seem in-
tractable for currently available large detectors, it is offset by
the fact that KDM2 of these computations are embarrassingly
parallel batched complex matrix multiplications and can be
carried out very efficiently on commonly available hardware
accelerators.
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FIG. 4. The first BM columns of % written out explicitly with diagonal matrix blocks of size M × M.

APPENDIX C: COMPUTING INFRASTRUCTURE

All reconstructions in this work utilized the National En-
ergy Research Scientific Computing Center Exascale Science
Applications Program preparation cluster for the Perlmut-

ter supercomputer. A single node in the cluster is equipped
with two 20-core Intel Xeon processors at 2.40 GHz, with
384 GB DDR4 memory, 930 GB on-node NVMe storage, 8
NVIDIA Tesla V100 GPUs, each with 16 GB HBM2 mem-
ory connected with NVLink interconnect, and four dual-port

023159-10



PHASE-CONTRAST IMAGING OF MULTIPLY-SCATTERING … PHYSICAL REVIEW RESEARCH 3, 023159 (2021)

Mellanox MT27800 (ConnectX-5) EDR InfiniBand HCAs.
The reconstruction shown in Fig. 2(a) utilized six nodes
with a total of 48 V100 GPUs. The reconstruction shown in
Figs. 2(d)–2(f) utilized one node with one V100 GPU. The
reconstructions shown in Figs. 3(b) and 3(c) utilized 10 nodes
with a total of 80 V100 GPUs.

APPENDIX D: AN ALTERNATING DIRECTION METHOD
OF MULTIPLIERS TO SOLVE THE JOINT S-MATRIX

AND PROBE RETRIEVAL PROBLEM

We have also investigated the use of the ADMM algo-
rithm to solve the joint optimization problem of S and $.
While we do not report the convergence results here, the basic
ADMM algorithm shown below did not significantly improve
convergence speed but added some complexity in the imple-
mentation and initialization and has higher memory usage
than the block coordinate descent algorithm shown above. It
is, however, more flexible in adding additional reconstruction
constraints and regularization terms; therefore, we state it
here as a reference for future developments. The augmented
Lagrangian of the S-matrix retrieval problem is

Lβ (S,$, z,&) = D(z) + Re&†[A(S,$) − z]

+ β

2
‖A(S,$) − z‖2

2, (D1)

where ‖ · ‖2 is the l2 norm and we have introduced the aux-
iliary variables z ∈ CKDM1M2 and & ∈ CKDM1M2 . We seek to
solve for S and $ such that L(S,$, z,&) is minimized:

(S∗,$∗, z∗,&∗) = arg max
.

arg min
S,$,z

L(S,$, z,&). (D2)

ADMM decouples the joint problem into subproblems and
solves them step by step:

Step 1: $ l+1 = arg min
$

L$
β

:= arg min
$

Lβ (S l,$, zl,&l), (D3)

Step 2: S l+1 = arg min
S

LS
β

:= arg min
S

Lβ (S,$ l+1, zl,&l), (D4)

Step 3: zl+1 = arg minz Lβ (S l+1,$ l+1, z,&l), (D5)

Step 4: &l+1 = &l + β[zl+1 − A(S l+1,$ l+1)]. (D6)

1. Subproblem with respect to # and S
We solve the subproblems with respect to $ and S with

accelerated gradient descent:

$ l+1 = $ l + γ1
∂L$

β

∂$
, (D7)

S l+1 = S l + γ2
∂LS

β

∂S
. (D8)

The gradient is

∂L$
β

∂$d,b
(S,$, z) = β

M1M2

M1∑

m1

M2∑

m2

(
K∑

k=1

[Ck,dS]∗be2π ihb·ρk,dF†
q

×
[

zl − Ak,d(S,$d) − &l

β

])

m1,m2

, (D9)

∂LS
β

∂Sb
(S,$, z)

= β

KD

K∑

k=1

D∑

d=1

CT
k,d

×
[

$∗
d,be2π ihb·ρk,dF†

q

[
zl − Ak,d(S,$d) − &l

β

]

1
M1·M2

∑B
b=1 |$d,b|2

]

.

(D10)

2. Subproblem with respect to z

The subproblem with respect to z was solved elsewhere
[90]. The solution is

zl+1 = sgn(ẑ)[
√

I + β|ẑ|]
(1 + β )

. (D11)

The full ADMM algorithm is then given as follows:

Algorithm 2: Joint S matrix and probe retrieval via ADMM.

text

Input:

measured intensities I ∈ RK×D×M1×M2

scan positions ρ ∈ RK×D×2

initial Fourier space probe phases χ0 ∈ CD×M1×M2

step sizes γ1, γ2, β ∈ R

Initialize:

set (N1, N2) = / max(rs )+M
M 0 · M such that the plane waves eih·r

have periodic boundary conditions

calculate Imean = 1
K

∑K
k=1 Ik and

amax = max{||Ik||1∀k = {1, . . . , K}}
set $0 ← amax√

||Imean ||1
Imeaneiχ0

S0
b ← eihb·r, S ∈ CB×N1×N2

for l = 0 to L do

ẑ = zl + &l

β
;

S l+1 ← S l + γ2 · ∂LS
β

∂S (S l, $ l+1, ẑ);

$ l+1 ← $ l + γ1 · ∂L$
β

∂$
(S l, $ l, ẑ);

ẑ ← A(S l+1,$ l+1) − &l

β
;

zl+1 ← sgn(ẑ)[
√

I+β|ẑ|]
(1+β ) ;

&l+1 ← &l + β[zl+1 − A(S l+1, $ l+1)];

Output: S∗ = SL
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